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Thisis avery short paper that is essentialy an epilogue to “Ramanujan and the Cubic
Equation 3 + 4%+ 5% = 6™ [1]. In that paper, we found an algebraic identity such that given a
solution to the cubic quadruple & + b® + ¢ + d® = 0 we can automatically find one in terms of
quadratic forms. However, we mentioned it seems there was an even more general identity that
contains the one we gave. In this continuation, we finally find this general form.

Our method consists of solving the equation,
G +G +G +G =0 (ea.1)
where the g are quadratic forms. Explicitly,
(@C + Vixy + oy?)® + (DX + Vaxy + Vay?)® + (O + VXY + Vey?)® + (A + voxy + vgy?)®= 0

where the v are unknowns. By expanding and collecting terms in powers of x and y, we get the
system of equations, cal it Sy,

p=(@+b+c+d) x°

py = (8, + Bvs + s+ dvy) Xy

P = (Ei.\/;L2 + a.2V2 + bV32 + b2V4 + CV52 + CZV5+ d\/72 + d2V8) X4y2

Ps= (V13 + 6a.V1V2 + V33 + 6bV3V4 + V53 + 6CV5V6 + V73 + 6dV7V8) X3y3

Ps = (Vi2Vo + av” + Va2V + bvy® + Vs™Ve + OV + V57V + dvg?) XCy*

Ps = (ViVo2 + VaVia” + VsVe” + Vo) Xy°

pe - (V23 + V43 + V63 + V83) y6

The details can be found in [1] but by equating al p; = 0 and solving for the vi, we get
what we called 1d.2:

| dentity 2 (1d.2)
If &+ b’ +c®+ d =0, then,
(@ + vixy + Vay°)2 + (D + Vaxy + VaY?)® + (OF + VsXy + Vey?)® + (@ + voxy + Vey?)* = 0
with the solution, using the simplifying substitution a= p+s, b=p-s, ¢ = ¢-r, d = g+r,
vy, Vs (free variables)
Vs (6par) = (P+a™+30T+3p° vy + (P++307T-3p°S)vs
V7 (6par) = ~(p*+¢-3a r+3p"s)va — (P*+™- 3 T-3p°s)vs



V12'4a\/2 = fj_, V32'4b\/4 = fl, V52'4CV5 = fz, V72'4dVg = f2
and discriminants f;,

f1= —(4p™+) (pva-sva-pvs-svs)’/(12p°ar?)

fo = —(p™+40") (PV1-SV1-PpVa-SVs)* /(12001 T°)
One can easily solve for the v with even subscripts as they are only linear (and since thev; with
odd subscripts are already given). The new variables (p,qg,r,S) can be expressed in terms of the
originals as,

p=(ath)/2, s=(ab)/2 g=(ctd)/2, r=(-c+d)/2
If we substitute the formulas for the v; into eq.1, what we get is the factorization,

G+ + G +a =@+ +C+d)Pxy)

We pointed out that P(x,y) is a complicated polynomial, not a perfect cube, that is
irrdevant if &+ b’ + ¢®+ o = 0 since the right hand side of the equation vanishes anyway. It
was not a cube using these particular versions for the expressions for the vi but with asmall

substitution, it turns out we can make thisinto a cube!

It was simple, redlly. Using the simplifying substitutions, thena®+ b* + ¢+ d* =0
becomes,

P +q+3q°+3ps"=0
or p’ + ' = -(3qr®+ 3ps?). Sincevsisgiven by,

Vs (6par) = (P +30T+3p° vy + (P+G+3T-3p°s)vs
then thisis equivalent to,

Vs (2par) = (-ar’-pS+r+ps)va + (-or” -ps™+T-p'S) Vs

Same for v;. (I actually did this once before. But | neglected to do the same for the discriminants
fi!) Sincef,is,

f1 = —(4p>+0P) (pvi-svi-pvs-sva)/(120°ar?)

then f, = —(p™-ar-ps®) (pv1-svi-pva-sva)/(4p°ar?) and similarly for f,. Substituting these new
versions for the v, we get the fifth identity which covers all four given in [1]:

I dentity 5 (1d.5)
@+’ +q’ +a’= @+ 0+ S+ )’ (eq.2)

or, explicitly,



(@ + Vixy +Vay°)* + (B + VaXy + Vay?)® + (OF + VeXy + Vey?)® + (X + voxy + vey?)* = (8 + b’
+ ¢+ ) (¢ + voxy + Vioy?)°

where, with the smplifying substitution a= p+s, b = p-s, c = ¢, d = g,

vy, V3 (free variables)

Vs (2par) = (ar(crn)+ps(p-))va + (ar(ar)-ps(p+s))Vs

V7 (2par) = (ar(a+n)-ps(p-s))va + (ar(a+)+ps(p+s))vs

Vo = (V1+V3)/(2p)

vit-dav, =fy,  ve-Aov, =i, Vs-Aove =T,  VoA-Advg =Ty, Vo-dvig =T,

f, = fa(p*-or*-ps’)/p, fo = fa(of-ar*-ps’)/q, f3 = —(pV1-Sv1-pvs-sva)’/(4par?)
and,

p = (ath)/2, s=(ab)/2, g=(ct+d)/2, r = (-c+d)/2

Thisis a much more satisfying version as this can be applicable to cubic n-tuples without
conditions on (a,b,c,d) and dependence on opposite parity of middle terms, other than the old
assumption that pairs of quadratic forms on the left hand side, (o, &) and (0, ), share the same
discriminants. And it also answers one question in the conclusion of [1]: whether S;, or the

system of eguations we get by expanding (eq.2) plus two more equating the discriminants, aways
has alinear solution. So the answer indeed is yes.
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